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ALMOST CONTACT METRIC 5-MANIFOLDS AND CONNECTIONS WITH
TORSION
CHRISTOF PUHLE
ABSTRACT. We study 5-dimensional Riemannian manifolds that admit an almost
contact metric structure. We classify these structures by their intrinsic torsion and
review the literature in terms of this scheme. Moreover, we determine necessary
and sufficient conditions for the existence of metric connections with vectorial, to-
tally skew-symmetric or traceless cyclic torsion that are compatible with the almost
contact metric structure. Finally, we examine explicit examples of almost contact
metric 5-manifolds from this perspective.
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1. INTRODUCTION
In the 1920s, Cartan classified metric connections on Riemannian manifolds
(
M n , g
)
by the algebraic type of the corresponding torsion tensor (see [7]). A central result
is that for n ≥ 3, the spaceT of possible torsion tensors splits into the direct sum of
three irreducible O(n)-modules,
T =T1⊕T2⊕T3.
Consequently, there are three principal types of torsion: typeT1 (vectorial torsion),
type T2 (totally skew-symmetric torsion) and type T3 (traceless cyclic torsion). In
contrast to the first two cases, metric connections with traceless cyclic torsion re-
main unexplored to this day (consult [2] for an overview).
An almost contact metric manifold is an odd-dimensional Riemannian manifold(
M 2k+1, g
)
such that there exists a reduction of the structure group of orthonormal
frames of the tangent bundle to U(k) (see [13]). As shown in [21, 22], an almost con-
tact metric structure on
(
M 2k+1, g
)
can be equivalently defined by a triple
(
ξ,η,ϕ
)
of
tensor fields satisfying certain conditions (see section 3).
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2 CHRISTOF PUHLE
The purpose of this paper is to investigate almost contact metric 5-manifolds
with regard to the existence of metric connections ∇c with vectorial, totally skew-
symmetric or traceless cyclic torsion that are compatible with the underlying almost
contact metric structure, i.e.
∇cξ= 0, ∇cη= 0, ∇cϕ= 0.
We proceed as follows:
Firstly, we study the algebra related to the action of the group U(2) (see section 2).
Amongst other things, we show that for an almost contact metric 5-manifold the
space T of possible torsion tensors splits into 15 irreducible U(2)-modules (see
corollary 2.1),
T1 =T1,1⊕T1,2, T2 =T2,1⊕ . . .⊕T2,4, T3 =T3,1⊕ . . .⊕T3,9.
Secondly, we follow the method of [11] and classify almost contact metric 5-mani-
folds with respect to the algebraic type of the corresponding intrinsic torsion tensor
Γ (see section 3). There are 10 irreducible U(2)-modulesW1, . . . ,W10 in the decompo-
sition of the space of possible intrinsic torsion tensors (see proposition 2.2):
Γ ∈W1⊕ . . .⊕W10.
Therefore, there exist 210 = 1024 classes according to this approach. Obviously, most
of them have never been studied. We introduce those carrying names and review
them, in the light of our classification scheme, in section 3.2. To mention just two
examples, quasi-Sasaki manifolds (see [4]) correspond to the case Γ ∈ W3⊕W5, and
trans-Sasaki manifolds (see [19]) correspond to the class W1⊕W3 (see theorems 3.3
and 3.4). In section 3.1, we relate our classification scheme to the work of Chinea-
Gonzalez [8] and Chinea-Marrero [9]. For example, any almost contact metric 5-
manifold of Chinea-Marrero classN2 is of class W1⊕W3⊕W5⊕W6⊕W8⊕W9 and vice
versa (see theorem 3.2).
Thirdly, we determine necessary and sufficient conditions for the existence of a
compatible connection ∇c with vectorial, totally skew-symmetric or traceless cyclic
torsion (see section 4). If the torsion tensor of∇c is traceless cyclic, then (see propo-
sition 4.1) the almost contact metric 5-manifold is of class
W2⊕W3⊕W5⊕W6⊕W7⊕W8⊕W9⊕W10.
Conversely, any almost contact metric 5-manifold of this class admits a unique met-
ric connection ∇c with traceless cyclic torsion that is compatible with the underly-
ing structure (see theorem 4.3). Theorems 4.1 and 4.2 contain similar results for the
cases of vectorial and totally skew-symmetric torsion, the respective types of the
intrinsic torsion tensor are W1⊕W2 and W3⊕W4⊕W5⊕W6.
Finally, we present explicit examples of almost contact metric 5-manifolds (see
section 5). The corresponding intrinsic torsion tensors are of type
W1,W2,W3,W5,W6,W8,W9,W10.
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Using the results of section 4, we identify compatible connections ∇c for each ex-
ample. The torsion tensors of these connections realize the following types:
T1,1,T1,2, T2,1,T2,3,T2,4, T3,1,T3,3, . . . ,T3,8.
Almost contact metric 5-manifolds of class W4⊕W7 exist, too. Indeed, Blair con-
structed an almost contact metric structure on S5 which is nearly cosymplectic (see
[5]). A glance at theorem 3.3 allows to deduce that this almost contact metric 5-
manifold is of class W4⊕W7.
2. THE LOCAL MODEL
We first introduce some notation. R5 denotes the 5-dimensional Euclidean space.
We fix an orientation in R5 and use its scalar product 〈·, ·〉 to identify R5 with its dual
space R5
∗
. Let (e1, . . . ,e5) denote an oriented orthonormal basis andΛk the space of
k-forms of R5. The family of operators
σ j :Λ
k ×Λl →Λk+l−2 j ,
σ j
(
α,β
)
:= ∑
i1<...<i j
(
ei1y . . .yei j yα
)
∧
(
ei1y . . .yei j yβ
)
, σ0
(
α,β
)
:=α∧β
allows us to define an inner product and a norm onΛk as〈
α,β
〉
:=σk
(
α,β
)
, ‖α‖ :=
√
σk (α,α).
The special orthogonal group SO(5) acts onΛk via the adjoint representation %. The
differential
%∗ : so(5)→ so
(
Λk
)
of this faithful representation can be expressed as
%∗ (ω) (α)=σ1 (ω,α)
by identifying the Lie algebra so(5) with the space of 2-formsΛ2.
We now define the vector ξ := e5, denote its dual 1-form by η and consider the
endomorphism ϕ :R5 →R5 given by the matrix
0 1 0 0 0
−1 0 0 0 0
0 0 0 1 0
0 0 −1 0 0
0 0 0 0 0
 .
The latter satisfies
ϕ (ξ)= 0, ϕ2 =−Id+η⊗ξ, 〈ϕ (X ) ,ϕ (Y )〉= 〈X ,Y 〉−η (X )η (Y ) .
The 4-dimensional, compact, connected Lie group U(2) ⊂ SO(5) can be described
as the isotropy group of the 2-formΦ defined via
Φ (X ,Y ) := 〈X ,ϕ (Y )〉 .
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Alternatively, we have
U(2)= {A ∈O(5) ∣∣A (ξ)= ξ, A ◦ϕ=ϕ◦ A} .
2.1. The decomposition ofΛk . The Hodge operator ∗ :Λk →Λ5−k is U(2)-equivar-
iant. Using this operator, we decompose Λk into irreducible U(2)-modules of real
type. The space
Λ1 =Λ11⊕Λ12
splits into the two irreducible U(2)-modules
Λ11 :=
{
t ·η ∣∣ t ∈R} , Λ12 := {α ∈Λ1 ∣∣ξyα= 0} .
The space of 2-forms
Λ2 =Λ21⊕Λ22⊕Λ23⊕Λ24
decomposes into four irreducible U(2)-modules:
Λ21 :=
{
t ·Φ ∣∣ t ∈R} ,
Λ22 :=
{
α ∈Λ2 ∣∣Φ∧α= 0, ∗α= η∧α} ,
Λ23 :=
{
α ∈Λ2 ∣∣ ∗α=−η∧α} ,
Λ24 :=
{
α ∈Λ2 ∣∣η∧α= 0} .
The dimensions of these modules are
dim
(
Λ2i
)= i .
Moreover, we have
Λ21⊕Λ22 =
{
α ∈Λ2 ∣∣ ∗α= η∧α} , Λ22⊕Λ23 = {α ∈Λ2 ∣∣Φ∧α= 0}
and
α
(
ϕ (X ) ,ϕ (Y )
)=

α (X ,Y ) iff α ∈Λ21⊕Λ23
−α (X ,Y ) iff α ∈Λ22
0 iff α ∈Λ24 .
We then define
Λ3i :=∗Λ2i , Λ4i :=∗Λ1i .
Consequently, the decompositions
Λ3 =Λ31⊕Λ32⊕Λ33⊕Λ34, Λ4 =Λ41⊕Λ42
split the spaces of 3-forms and 4-forms of R5 into irreducible U(2)-modules.
The Lie algebra so (5) splits into u (2)=Λ21⊕Λ23, spanned by
Φ= e1∧e2+e3∧e4, ω1 := e1∧e2−e3∧e4,
ω2 := e1∧e3+e2∧e4, ω3 := e1∧e4−e2∧e3,
and its orthogonal complement m :=Λ22⊕Λ24.
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2.2. The decomposition ofΛ1⊗Λ2,Λ2⊗Λ1 andΛ1⊗m. The space
T :=Λ2⊗Λ1 = {T ∈⊗3Λ1 ∣∣T (X ,Y , Z )+T (Y , X , Z )= 0}
splits into three irreducible O(5)-modules (see [7]),
T =T1⊕T2⊕T3,
where
T1 :=
{
T ∈T ∣∣∃α ∈Λ1 : T (X ,Y , Z )=α (X )〈Y , Z 〉−α (Y )〈X , Z 〉} ,
T2 :=
{
T ∈T ∣∣T (X ,Y , Z )+T (X , Z ,Y )= 0} ,
T3 :=
{
T ∈T ∣∣SX ,Y ,Z T (X ,Y , Z )= 0, ∑i T (X ,ei ,ei )= 0} .
Here SX ,Y ,Z denotes the cyclic sum over X ,Y , Z . There exists an O(5)-equivariant
bijection τ between
A :=Λ1⊗Λ2 = {A ∈⊗3Λ1 ∣∣A (X ,Y , Z )+ A (X , Z ,Y )= 0}
andT (see [7]) explicitly given by
τ (A) (X ,Y , Z )= A (X ,Y , Z )− A (Y , X , Z ) ,
2τ−1 (T ) (X ,Y , Z )= T (X ,Y , Z )−T (Y , Z , X )+T (Z , X ,Y ) .
Using τ, we obtain that
A =A1⊕A2⊕A3
splits into the three irreducible O(5)-modules
A1 :=
{
A ∈A ∣∣∃α ∈Λ1 : A (X ,Y , Z )=α (Z )〈X ,Y 〉−α (Y )〈X , Z 〉} ,
A2 :=
{
A ∈A ∣∣A (X ,Y , Z )+ A (Y , X , Z )= 0} ,
A3 :=
{
A ∈A ∣∣SX ,Y ,Z A (X ,Y , Z )= 0, ∑i A (ei ,ei , X )= 0} .
We now decompose these three spaces under the action of U(2). For this purpose,
we define the injective U(2)-equivariant maps
θ1 :Λ
1 →A1, θ1 (α) (X ,Y , Z ) :=α (Z )〈X ,Y 〉−α (Y )〈X , Z 〉 ,
θ2 :Λ
3 →A2, θ2 (α) :=
∑
i
ei ⊗ (eiyα) ,
θ3 :Λ
2
1⊕Λ22⊕Λ23 →A3, θ3 (α) := 3η⊗α−θ2(η∧α)
and
θ4 :Λ
1
2 →A3, θ4 (α) :=
∑
i
ei ⊗ (α∧ei )+ 1
2
θ2(αy (Φ∧Φ))−3(αyΦ)⊗Φ−η⊗
(
α∧η) ,
θ5 :Λ
1
2 →A3, θ5 (α) :=
∑
i
ei ⊗ (α∧ei )+θ2(αy (Φ∧Φ))−6(αyΦ)⊗Φ+2η⊗
(
α∧η) ,
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and introduce the following subspaces ofA :
A1,i := θ1
(
Λ1i
)
, i = 1,2,
A2,i := θ2
(
Λ3i
)
, i = 1,2,3,4,
A3,i := θ3
(
Λ2i
)
, i = 1,2,3,
A3,i := θi
(
Λ12
)
, i = 4,5,
A3,6 :=
{
A ∈A3
∣∣A (X ,Y , Z )= A (ϕ (X ) ,Y ,ϕ (Z ))+ A (ϕ (X ) ,ϕ (Y ) , Z )} ,
A3,7 :=
{
A ∈A3
∣∣A (X ,Y , Z )=−A (X ,ϕ (Y ) ,ϕ (Z ))} ,
A3,8 :=
{
A ∈A3
∣∣A (X ,Y , Z )=−A (ϕ (X ) ,Y ,ϕ (Z ))− A (ϕ (X ) ,ϕ (Y ) , Z )} ,
A3,9 :=
{
A ∈A3
∣∣A (X ,Y , Z )= A (X ,ϕ (Y ) ,ϕ (Z ))} .
Inspecting the latter, we deduce
Proposition 2.1. The spaceA =Λ1⊗Λ2 splits into 15 irreducible U(2)-modules,
A =A1,1⊕A1,2⊕A2,1⊕ . . .⊕A2,4⊕A3,1⊕ . . .⊕A3,9,
A1 =A1,1⊕A1,2, A2 =A2,1⊕ . . .⊕A2,4, A3 =A3,1⊕ . . .⊕A3,9.
Moreover,
a) The dimensions of the U(2)-modules are
dim
(
A1,1
)= dim(A2,1)= dim(A3,1)= 1,
dim
(
A2,2
)= dim(A3,2)= 2,
dim
(
A2,3
)= dim(A3,3)= dim(A3,6)= 3,
dim
(
A1,2
)= dim(A2,4)= dim(A3,4)= dim(A3,5)= dim(A3,7)= 4,
dim
(
A3,8
)= 6,
dim
(
A3,9
)= 8.
b) The following U(2)-modules are isomorphic:
A1,1 ∼=A2,1 ∼=A3,1, A2,2 ∼=A3,2,
A2,3 ∼=A3,3 ∼=A3,6, A1,2 ∼=A2,4 ∼=A3,4 ∼=A3,5.
c) The U(2)-modulesA3,7 andA1,2 ∼=A2,4 ∼=A3,4 ∼=A3,5 are not isomorphic.
We recommend the article [10] for a qualitative decomposition of A in the style
of the book [20]. Comparing dimensions and multiplicities, we have the following
isomorphisms between the spaces of [10] and the modulesAi , j above:
A1,1 ∼=A2,1 ∼=A3,1 ∼=R, A1,2 ∼=A2,4 ∼=A3,4 ∼=A3,5 ∼=

λ1,0

,
A2,2 ∼=A3,2 ∼=

λ2,0

, A2,3 ∼=A3,3 ∼=A3,6 ∼=
[
λ1,10
]
,
A3,7 ∼= A , A3,8 ∼=

σ2,0

,
A3,9 ∼= B .
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The bijection τ :A →T is U(2)-equivariant. Defining the subspaces
T1,i := τ
(
A1,i
)
, T2,i := τ
(
A2,i
)
, T3,i := τ
(
A3,i
)
ofT , we consequently have
Corollary 2.1. The spaceT =Λ2⊗Λ1 splits into 15 irreducible U(2)-modules,
T =T1,1⊕T1,2⊕T2,1⊕ . . .⊕T2,4⊕T3,1⊕ . . .⊕T3,9,
T1 =T1,1⊕T1,2, T2 =T2,1⊕ . . .⊕T2,4, T3 =T3,1⊕ . . .⊕T3,9.
Finally, we consider the space W :=Λ1⊗m. Using the projection prm onto m, we
define the map prW :A →W via
prW
(
α⊗β) :=α⊗prm (β) .
Lemma 2.1. The map prW is U(2)-equivariant and satisfies
prW
(
A1,1
)=A1,1, prW (A1,2)= prW (A3,5) , prW (A2,1)= prW (A3,1) ,
prW
(
A2,2
)=A2,2, prW (A2,3)= prW (A3,3) , prW (A2,4)= prW (A3,4) ,
prW
(
A3,2
)=A3,2, prW (A3,6)=A3,6, prW (A3,7)=A3,7,
prW
(
A3,8
)=A3,8, prW (A3,9)= {0} .
This lemma, together with the definition of
W1 :=A1,1, W2 := prW
(
A1,2
)
, W3 := prW
(
A2,1
)
, W4 :=A2,2,
W5 := prW
(
A2,3
)
, W6 := prW
(
A2,4
)
, W7 :=A3,2, W8 :=A3,6,
W9 :=A3,7, W10 :=A3,8,
leads to
Proposition 2.2. The space W =Λ1⊗m splits into 10 irreducible U(2)-modules:
W =W1⊕ . . .⊕W10.
3. ALMOST CONTACT METRIC STRUCTURES
Let
(
M 2k+1, g
)
be a (2k +1)-dimensional Riemannian manifold. An almost contact
metric structure on
(
M 2k+1, g
)
consists of a vector field ξ of length one, its dual 1-
form η and an endomorphism ϕ of the tangent bundle such that
ϕ (ξ)= 0, ϕ2 =−Id+η⊗ξ, g (ϕ (X ) ,ϕ (Y ))= g (X ,Y )−η (X )η (Y ) .
Equivalently, these structures can be defined as a reduction of the structure group
of orthonormal frames of the tangent bundle to U(k) (see [13, 21, 22]). The funda-
mental form Φ of an almost contact metric manifold
(
M 2k+1, g ,ξ,η,ϕ
)
is a 2-form
defined by
Φ (X ,Y ) := g (X ,ϕ (Y )) .
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Consider an almost contact metric 5-manifold
(
M 5, g ,ξ,η,ϕ
)
. The corresponding
fundamental form satisfies η∧Φ∧Φ 6= 0. Consequently, there exists an oriented
orthonormal frame (e1, . . . ,e5) realizing the local model introduced in section 2, i.e.
ξ= e5, Φ= e12+e34.
Here and henceforth we identify T M 5 with its dual space T M 5
∗
using g . Moreover,
we use the notation ei1...i j for the exterior product
ei1 ∧ . . .∧ei j .
We call (e1, . . . ,e5) an adapted frame of the almost contact metric manifold. The
connection forms
ω
g
i j := g
(∇g ei ,e j )
of the Levi-Civita connection ∇g define a 1-form
Ωg :=
(
ω
g
i j
)
1≤i , j≤5
with values in the Lie algebra so(5). We define the intrinsic torsion Γ of the almost
contact metric manifold as
Γ := prm
(
Ωg
)
.
Since the Riemannian covariant derivative of the fundamental formΦ is given by
∇gΦ= %∗ (Γ) (Φ) ,
almost contact metric manifolds can be classified according to the algebraic type
of Γ with respect to the decomposition of Λ1⊗m into irreducible U(2)-modules (cf.
[11]). Applying proposition 2.2, we split Γ as
Γ= Γ1+ . . .+Γ10,
to the effect that 210 = 1024 classes arise. We say that the almost contact metric
manifold is of class Wi1 ⊕ . . .⊕Wik if
Γ ∈Wi1 ⊕ . . .⊕Wik .
Moreover,
(
M 5, g ,ξ,η,ϕ
)
is of strict class Wi1 ⊕ . . .⊕Wik if it is of class Wi1 ⊕ . . .⊕Wik
and Γi j 6= 0. Almost contact metric manifolds with Γ = 0 are called integrable. The
Nijenhuis tensor N of
(
M 5, g ,ξ,η,ϕ
)
is defined by
N (X ,Y ) := [ϕ,ϕ] (X ,Y )+dη (X ,Y ) ·ξ,
where
[
ϕ,ϕ
]
is the Nijenhuis torsion of ϕ,[
ϕ,ϕ
]
(X ,Y )= [ϕ (X ) ,ϕ (Y )]+ϕ2 ([X ,Y ])−ϕ([ϕ (X ) ,Y ])−ϕ([X ,ϕ (Y )]) ,
and the differential dα and the co-differential δα of a k-form α are given by
dα=∑
i
ei ∧∇geiα, δα=−
∑
i
eiy∇geiα.
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3.1. Classification schemes. We classified
(
M 5, g ,ξ,η,ϕ
)
with respect to the alge-
braic type of its intrinsic torsion tensor Γ. In this subsection, we relate this scheme
to the Chinea-Gonzalez classification [8] and the Chinea-Marrero classification [9]
of almost contact metric manifolds. Motivated by(∇gXΦ) (Y , Z )=−(∇gXΦ)(ϕ (Y ) ,ϕ (Z ))+η (Y )(∇gXΦ) (ξ, Z ) +η (Z )(∇gXΦ) (Y ,ξ) ,
the authors of [8] decompose the subspace
C = {A ∈Λ1⊗Λ2 ∣∣A (X ,Y , Z )=−A (X ,ϕ (Y ) ,ϕ (Z )) +η (Y ) A (X ,ξ, Z )
+η (Z ) A (X ,Y ,ξ)}
ofΛ1⊗Λ2 into 10 irreducible U(2)-modules:
C =C2⊕C4⊕ . . .⊕C12.
Although C coincides with W , this decomposition differs from the one in proposi-
tion 2.2. We have the following isomorphisms between the spaces C2,C4, . . . ,C12 of
[8] and W1, . . . ,W10:
W1 ∼=W3 ∼=C5 ∼=C6, W2 ∼=W6 ∼=C4 ∼=C12, W4 ∼=W7 ∼=C10 ∼=C11,
W5 ∼=W8 ∼=C7 ∼=C8, W9 ∼=C2, W10 ∼=C9.
Moreover,
(
M 5, g ,ξ,η,ϕ
)
is said to be of class Ci1 ⊕ . . .⊕Cik if
∇gΦ ∈Ci1 ⊕ . . .⊕Cik .
Theorem 3.1. Let
(
M 5, g ,ξ,η,ϕ
)
be a 5-dimensional almost contact metric manifold.
Then the following equivalences hold:(
M 5, g ,ξ,η,ϕ
)
is of class C2 C4 C5 C6 C7 C8 C9 C10⊕C11 C4⊕C12
if and only if it is of class W9 W6 W1 W3 W5 W8 W10 W4⊕W7 W2⊕W6
Moreover, if
(
M 5, g ,ξ,η,ϕ
)
is not integrable and either of class C10 or of class C11,
then
(
M 5, g ,ξ,η,ϕ
)
is of strict classW4⊕W7. Any non-integrable almost contact metric
5-manifold of class C12 is of strict class W2⊕W6.
Proof. The results are a direct consequence of
(?) ∇gXΦ= %∗ (Γ (X )) (Φ)=σ1 (Γ (X ) ,Φ) ,
valid for any 5-dimensional almost contact metric manifold. 
Viewed as a (3,0)-tensor,
N (X ,Y , Z ) := g (X , N (Y , Z )) ,
the Nijenhuis tensor satisfies
N (X ,Y , Z )=−N (X ,ϕ (Y ) ,ϕ (Z ))+η (Y ) N (X ,ξ, Z )+η (Z ) N (X ,Y ,ξ) ,
N (X ,Y , Z )=−N (ϕ (X ) ,ϕ (Y ) , Z )+η (X ) N (ξ,Y , Z )−η (Y ) N (ϕ (X ) ,ξ,ϕ (Z )) .
The subspaceN of tensors ofΛ1⊗Λ2 satisfying these two conditions splits into five
irreducible U(2)-modules (see [9]),
N =N2⊕ . . .⊕N6.
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Moreover, the authors of [9] define
(
M 5, g ,ξ,η,ϕ
)
to be of classNi1 ⊕ . . .⊕Nik if
N ∈Ni1 ⊕ . . .⊕Nik .
Before we describe these classes in terms of the intrinsic torsion, we prove
Lemma 3.1. The following formulae hold on 5-dimensional almost contact metric
manifolds
(
M 5, g ,ξ,η,ϕ
)
:
g
((∇gXϕ) (Y ) , Z )= (∇gXΦ) (Z ,Y ) ,
(∇gXη) (Y )= g (∇gX ξ,Y )= (∇gXΦ)(ξ,ϕ (Y )) .
Proof. We compute
g
(∇gX ξ,Y )= g (∇gX ξ,Y )−η (Y ) g (∇gX ξ,ξ)
= g (∇gX ξ,Y )−η (Y )η(∇gX ξ)
= g (ϕ(∇gX ξ) ,ϕ (Y ))
= g (∇gX (ϕ (ξ)) ,ϕ (Y ))− g ((∇gXϕ) (ξ) ,ϕ (Y ))
=−g ((∇gXϕ) (ξ) ,ϕ (Y )) .
Moreover, we have
g
((∇gXϕ) (Y ) , Z )= g (∇gX (ϕ (Y )) , Z )− g (ϕ(∇gX Y ) , Z )
= X (g (ϕ (Y ) , Z ))− g (ϕ (Y ) ,∇gX Z )− g (ϕ(∇gX Y ) , Z )
= X (Φ (Z ,Y ))−Φ(∇gX Z ,Y )−Φ(Z ,∇gX Y )
= (∇gXΦ) (Z ,Y ) .
Combining these two equations, we obtain the desired result. 
Theorem 3.2. Let
(
M 5, g ,ξ,η,ϕ
)
be a 5-dimensional almost contact metric manifold.
Then the following equivalences hold:(
M 5, g ,ξ,η,ϕ
)
is of class if and only if it is of class
N2 W1⊕W3⊕W5⊕W6⊕W8⊕W9
N3 W1⊕W3⊕W5⊕W6⊕W8⊕W10
N4⊕N5 W1⊕W3⊕W4⊕W5⊕W6⊕W7⊕W8
N6 W1⊕W2⊕W3⊕W5⊕W6⊕W8
In particular, the Nijenhuis tensor of
(
M 5, g ,ξ,η,ϕ
)
vanishes if and only if the almost
contact metric manifold is of class W1⊕W3⊕W5⊕W6⊕W8.
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Proof. Utilizing lemma 3.1, we compute
N (X ,Y , Z )=g (X ,[ϕ (Y ) ,ϕ (Z )]+ϕ2 ([Y , Z ])−ϕ([ϕ (Y ) , Z ])−ϕ([Y ,ϕ (Z )]))
+ g (X ,dη (Y , Z ) ·ξ)
=g
(
X ,
(
∇gϕ(Y )ϕ
)
(Z )−
(
∇gϕ(Z )ϕ
)
(Y )+ϕ((∇gZϕ) (Y )− (∇gY ϕ) (Z )))
+ g (X ,ξ)((∇gY η) (Z )− (∇gZη) (Y ))
=
(
∇gϕ(Y )Φ
)
(X , Z )−
(
∇gϕ(Z )Φ
)
(X ,Y )+ (∇gY Φ)(ϕ (X ) , Z )
− (∇gZΦ)(ϕ (X ) ,Y )+η (X )(∇gY Φ)(ξ,ϕ (Z ))−η (X )(∇gZΦ)(ξ,ϕ (Y )) .
This equation, together with formula (?), enables us to express the Nijenhuis tensor
in terms of Γ. 
3.2. Special types. As indicated above, there are many types of almost contact met-
ric manifolds. We introduce those carrying names and review them in the light of
our classification scheme.
An almost contact metric manifold
(
M 5, g ,ξ,η,ϕ
)
is said to be
• normal (see [21, 22]) if its Nijenhuis tensor vanishes.
• almost co-Kähler (see [14]) or almost cosymplectic (see [19]) if
dΦ= 0, dη= 0.
In overlap to our next notion, the authors of [14,18] also use the term cosym-
plectic in this case.
• co-Kähler (see [14]) or cosymplectic (see [4]) if it is normal and almost cosym-
plectic, or equivalently if (∇gXϕ) (Y )= 0.
• nearly cosymplectic (see [5]) if(∇gXϕ) (X )= 0.
• semi-cosymplectic (see [8]) if
δΦ= 0, δη= 0.
• quasi-cosymplectic (see [9]) if(∇gXϕ) (Y )+ (∇gϕ(X )ϕ)(ϕ (Y ))= η (Y ) ·∇gϕ(X )ξ.
• almost α-Kenmotsu (see [14]) if
dΦ= 2α ·Φ∧η, dη= 0
for α ∈R\{0}.
• α-Kenmotsu (see [14]) if it is normal and almostα-Kenmotsu, or equivalently
if (∇gXϕ) (Y )=α(g (ϕ (X ) ,Y ) ·ξ−η (Y ) ·ϕ (X ))
for α ∈R\{0}.
• almost Kenmotsu (see [14, 15]) if it is almost 1-Kenmotsu.
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• Kenmotsu (see [14, 15]) if it is 1-Kenmotsu.
• almost α-Sasaki (see [14]) if
dΦ= 0, dη= 2α ·Φ
for α ∈R\{0}.
• α-Sasaki (see [14]) if it is normal and almost α-Sasaki, or equivalently if(∇gXϕ) (Y )=α(g (X ,Y ) ·ξ−η (Y ) ·X )
for α ∈R\{0}.
• almost Sasaki (see [14]) or contact metric (see [6]) if it is almost 1-Sasaki.
• Sasaki (see [6, 21, 22]) if it is 1-Sasaki.
• quasi-Sasaki (see [4]) if it is normal and
dΦ= 0.
• nearly Sasaki (see [6]) if(∇gXϕ) (X )= g (X , X ) ·ξ−η (X ) ·X .
• trans-Sasaki (see [19]) if
4 · (∇gXΦ) (Y , Z )= g (X ,δΦ (ξ) ·Z +δη ·ϕ (Z ))η (Y )
− g (X ,δΦ (ξ) ·Y +δη ·ϕ (Y ))η (Z ) .
• K-contact (see [6]) if it is contact metric and ξ is a Killing vector field with
respect to g .
Theorem 3.3. Let
(
M 5, g ,ξ,η,ϕ
)
be a 5-dimensional almost contact metric manifold.
Then the following hold:
If
(
M 5, g ,ξ,η,ϕ
)
is then it is of class
normal W1⊕W3⊕W5⊕W6⊕W8
almost cosymplectic W9⊕W10
nearly cosymplectic W4⊕W7
semi-cosymplectic W2⊕W4⊕W5⊕W6⊕W7⊕W8⊕W9⊕W10
quasi-cosymplectic W4⊕W7⊕W9⊕W10
normal and semi-cosymplectic W5⊕W8
almost α-Kenmotsu W1⊕W9⊕W10
almost α-Sasaki W3⊕W9⊕W10
quasi-Sasaki W3⊕W5
nearly Sasaki W3⊕W4⊕W7
trans-Sasaki W1⊕W3
K-contact W3⊕W9
Moreover,
(
M 5, g ,ξ,η,ϕ
)
is cosymplectic if and only if the almost contact metric man-
ifold is integrable. If
(
M 5, g ,ξ,η,ϕ
)
is almost α-Kenmotsu, almost α-Sasaki, nearly
Sasaki or K-contact, then the almost contact metric manifold is not integrable.
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Proof. The results are a consequence of lemma 3.1, theorem 3.2 and formula (?).
For example, suppose that
(
M 5, g ,ξ,η,ϕ
)
is quasi-Sasaki. Then, by theorem 3.2, we
have Γ ∈W1⊕W3⊕W5⊕W6⊕W8. This, together with
0= dΦ (X ,Y , Z )=SX ,Y ,Z
(∇gXΦ) (Y , Z )
and formula (?), leads to Γ ∈W3⊕W5. 
Using the same method, we are able to prove
Theorem 3.4. Let
(
M 5, g ,ξ,η,ϕ
)
be a 5-dimensional almost contact metric manifold.
Then the following hold:
If
(
M 5, g ,ξ,η,ϕ
)
is of class then it is
W1⊕W3⊕W5⊕W6⊕W8 normal
W9⊕W10 quasi- and almost cosymplectic
W4⊕W5⊕W7⊕W8⊕W9⊕W10 semi-cosymplectic
W3⊕W5 quasi-Sasaki
W1⊕W3 trans-Sasaki
Moreover, we investigate intersections between certain types using this technique.
Proposition 3.1. If a normal almost contact metric 5-manifold
(
M 5, g ,ξ,η,ϕ
)
is K-
contact or nearly Sasaki, then
(
M 5, g ,ξ,η,ϕ
)
is Sasaki. Moreover, there exists no non-
integrable almost contact metric 5-manifold that is
a) nearly cosymplectic and quasi-cosymplectic.
b) almost α-Kenmotsu and semi-cosymplectic.
c) almost α-Sasaki and semi-cosymplectic.
d) nearly Sasaki and semi-cosymplectic.
e) K-contact and semi-cosymplectic.
Finally, we visualize some of the previous statements in figure 1.
4. COMPATIBLE CONNECTIONS
Let ∇ be a metric connection on (M 5, g ,ξ,η,ϕ), i.e.
g (∇X Y , Z )= g
(∇gX Y , Z )+ A (X ,Y , Z )
for A ∈A . Its torsion T , viewed as a (3,0)-tensor, is given by
T (X ,Y , Z )= g (∇X Y −∇Y X − [X ,Y ] , Z )
= A (X ,Y , Z )− A (Y , X , Z ) .
Consequently, we have T ∈T . We say that T is
• vectorial if T ∈T1, or equivalently if A ∈A1.
• totally skew-symmetric if T ∈T2, or equivalently if A ∈A2.
• cyclic if T ∈T1⊕T3, or equivalently if A ∈A1⊕A3.
• traceless cyclic if T ∈T3, or equivalently if A ∈A3.
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semi-cosymplectic
quasi-cosymplectic
almost cosymplectic
nearly cosymplectic
K-contact non-Sasaki
nearly Sasaki non-Sasaki
normal
quasi-Sasaki
trans-Sasaki
almost α-Sasakialmost α-Kenmotsu
FIGURE 1. Euler diagram of certain types of non-integrable almost
contact metric 5-manifolds
The connection forms
ωi j := g
(∇ei ,e j )
of ∇ define a 1-form
Ω := (ωi j )1≤i , j≤5
with values in the Lie algebra so(5),
Ω (X )=Ωg (X )+ A (X ) .
We project onto m:
prm (Ω (X ))= Γ (X )+prm (A (X ))
= Γ (X )+prW (A) (X ) .
Therefore, ∇ preserves the underlying almost contact metric structure, i.e.
∇ξ= 0, ∇η= 0, ∇ϕ= 0
are satisfied, if and only if
(??) Γ+prW (A)= 0.
In this case, we also say that the connection is compatible with the almost contact
metric structure. With a glance at lemma 2.1 and proposition 2.2, we immediately
have
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Proposition 4.1. Let
(
M 5, g ,ξ,η,ϕ
)
be a 5-dimensional almost contact metric mani-
fold equipped with a metric connection∇c compatible with the almost contact metric
structure. If the torsion of ∇c is
a) vectorial, then
(
M 5, g ,ξ,η,ϕ
)
is of class
W1⊕W2.
b) totally skew-symmetric, then
(
M 5, g ,ξ,η,ϕ
)
is of class
W3⊕W4⊕W5⊕W6.
c) traceless cyclic, then
(
M 5, g ,ξ,η,ϕ
)
is of class
W2⊕W3⊕W5⊕W6⊕W7⊕W8⊕W9⊕W10.
Using our approach of section 3, we characterize each of these classes in terms of
differential equations.
Proposition 4.2. An almost contact metric 5-manifold is of class
a) W1⊕W2 if and only if
N (X ,Y , Z )= η (X )dη (Y , Z ) , dΦ=−2
(
1
4
δη ·η+ξydη
)
∧Φ.
b) W3⊕W4⊕W5⊕W6 if and only if
N (X ,Y , Z )+N (Z ,Y , X )= 0, dΦ (X ,Y ,ξ)+dΦ(ϕ (X ) ,ϕ (Y ) ,ξ)= 0.
c) W2⊕W3⊕W5⊕W6⊕W7⊕W8⊕W9⊕W10 if and only if
SX ,Y ,Z N (X ,Y , Z )= 0, dΦ∧Φ= 0.
We now solve (??).
Theorem 4.1. Let
(
M 5, g ,ξ,η,ϕ
)
be a 5-dimensional almost contact metric manifold
of classW1⊕W2. Then there exists a unique metric connection∇c with vectorial torsion
compatible with the almost contact metric structure. ∇c is given by
g
(∇cX Y , Z )= g (∇gX Y , Z )−θ1 (14 δη ·η+ξydη
)
(X ,Y , Z ) .
Moreover,
(
M 5, g ,ξ,η,ϕ
)
is of class
a) W1 if and only if dη= 0.
b) W2 if and only if δη= 0.
Proof. A direct computation verifies that
Γ= (prW ◦θ1)(14 δη ·η+ξydη
)
and
dη∧η= 0
hold if Γ ∈ W1 ⊕W2. Moreover, the restriction of the projection map prW to A1 is
one-to-one. 
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Theorem 4.2. Let
(
M 5, g ,ξ,η,ϕ
)
be a 5-dimensional almost contact metric manifold
of classW3⊕W4⊕W5⊕W6. Then there exists a unique metric connection∇c with totally
skew-symmetric torsion compatible with the almost contact metric structure. ∇c is
given by
g
(∇cX Y , Z )= g (∇gX Y , Z )+ 12 (dη∧η+ξy (∗dΦ∧Φ)) (X ,Y , Z ) .
Moreover,
(
M 5, g ,ξ,η,ϕ
)
is of class
a) W3⊕W4⊕W5 if and only if ξy (∗dΦ∧Φ)= 0.
b) W3⊕W4⊕W6 if and only if dη∧η=∗dη.
c) W3⊕W5⊕W6 if and only if N = 0.
d) W4⊕W5⊕W6 if and only if ξyδΦ= 0.
Proof. Suppose that Γ ∈W3⊕W4⊕W5⊕W6. Then,
−2Γ= (prW ◦θ2)(dη∧η+ξy (∗dΦ∧Φ))
and
2
(
dη∧η+ξy (∗dΦ∧Φ))= (ξyδΦ) ·Φ∧η︸ ︷︷ ︸
∈Λ31
+(dη∧η+∗dη− (ξyδΦ) ·Φ∧η)︸ ︷︷ ︸
∈Λ32
+ (dη∧η−∗dη)︸ ︷︷ ︸
∈Λ33
+2 ξy (∗dΦ∧Φ)︸ ︷︷ ︸
∈Λ34
.
are satisfied. Moreover, the restriction of prW toA2 is one-to-one. Theorems 3.3 and
3.4 complete the proof. 
Remark 4.1. The first part of theorem 4.2, together with proposition 4.1,b), yields
the same result as theorem 8.2 of [12]. Indeed, the Nijenhuis tensor is totally skew-
symmetric and ξ is a Killing vector field with respect to g if and only if the almost
contact metric 5-manifold
(
M 5, g ,ξ,η,ϕ
)
is of class W3⊕W4⊕W5⊕W6. Moreover,
(∗dΦ∧Φ) (ξ, X ,Y , Z )=−dΦ(ϕ (X ) ,ϕ (Y ) ,ϕ (Z ))+N (Z , X ,Y )
−SX ,Y ,Zη (X ) N (ξ,Y , Z )
holds in this case.
A lengthy but similar computation for the remaining case results in
Theorem 4.3. Let
(
M 5, g ,ξ,η,ϕ
)
be a 5-dimensional almost contact metric manifold
of class W2 ⊕W3 ⊕W5 ⊕W6 ⊕W7 ⊕W8 ⊕W9 ⊕W10. Then there exists a unique metric
connection∇c with traceless cyclic torsion compatible with the almost contact metric
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structure. ∇c is given by
g
(∇cX Y , Z )= g (∇gX Y , Z )− 12 θ3 (dη+ (ξydη)∧η) (X ,Y , Z )
+ 1
4
θ4
(∗(δΦ∧Φ∧η)−3(ξydη)) (X ,Y , Z )
+ 1
3
θ5
(
ξydη
)
(X ,Y , Z )+ 1
2
θ3 (∗dΦ)
(
ϕ (X ) ,Y , Z
)
− 1
4
N
(
ϕ2 (X ) ,ϕ (Y ) ,ϕ (Z )
)+ 1
2
η (Y ) N
(
ϕ (X ) ,ξ,ϕ (Z )
)
+ 1
2
η (Z ) N
(
ϕ (X ) ,ϕ (Y ) ,ξ
)
.
Moreover,
(
M 5, g ,ξ,η,ϕ
)
is of class
a) W2⊕W3⊕W5⊕W6⊕W7⊕W8⊕W9 if and only if
N
(
ϕ (X ) ,ϕ (Y ) ,ξ
)+N (ϕ (Y ) ,ϕ (X ) ,ξ)= 0.
b) W2⊕W3⊕W5⊕W6⊕W7⊕W8⊕W10 if and only if
N
(
ϕ (X ) ,ϕ (Y ) ,ϕ (Z )
)= 0.
c) W2⊕W3⊕W5⊕W6⊕W7⊕W9⊕W10 if and only if
(∗dΦ)(ϕ (X ) ,ϕ2 (Y ))+ (∗dΦ)(ϕ (Y ) ,ϕ2 (X ))= 0.
d) W2⊕W3⊕W5⊕W6⊕W8⊕W9⊕W10 if and only if
N
(
ξ,ϕ (X ) ,ϕ (Y )
)= 0.
e) W2⊕W3⊕W5⊕W7⊕W8⊕W9⊕W10 if and only if ∗
(
δΦ∧Φ∧η)−3(ξydη)= 0.
f) W2⊕W3⊕W6⊕W7⊕W8⊕W9⊕W10 if and only if dη+
(
ξydη
)∧η=∗(dη∧η).
g) W2⊕W5⊕W6⊕W7⊕W8⊕W9⊕W10 if and only if ξyδΦ= 0.
h) W3⊕W5⊕W6⊕W7⊕W8⊕W9⊕W10 if and only if ξydη= 0.
5. EXAMPLES
Throughout this section, the curvature tensor of a metric connection ∇, viewed as
(4,0)-tensor, is defined by
R(X ,Y , Z ,V )= g (∇X∇Y Z −∇Y ∇X Z −∇[X ,Y ]Z ,V ) .
5.1. Examples of classW1 andW2. Let M 5 be the Lie group

e−x5 0 0 0 x1
0 e−x5 0 0 x2
0 0 e−x5 0 x3
0 0 0 e−x5 x4
0 0 0 0 1
 ∈GL(5,R) ∣∣x1, . . . , x5 ∈R

equipped with the left-invariant Riemannian metric
g = e2x5 (d x21+d x22+d x23+d x24)+d x25 .
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M 5, g
)
can be considered as the warped product R× f R4 with warping function
f :R 3 t 7→ e t ∈R (cf. [3]). The vector fields
e−x5
∂
∂x1
, e−x5
∂
∂x2
, e−x5
∂
∂x3
, e−x5
∂
∂x4
,
∂
∂x5
are left-invariant. In the following discussion, we consider two almost contact met-
ric structures on
(
M 5, g
)
.
5.1.1. Class W1. The standard Kenmotsu structure
(
ξ,η,ϕ
)
on
(
M 5, g
)
(cf. [15]) is
characterized by
ξ= ∂
∂x5
, η= d x5, Φ= e2x5 (d x1∧d x2+d x3∧d x4) .
Consequently, (e1,e2,e3,e4,e5) defined via
e1 := e−x5 ∂
∂x1
, e2 := e−x5 ∂
∂x2
, e3 := e−x5 ∂
∂x3
, e4 := e−x5 ∂
∂x4
, e5 := ∂
∂x5
is an adapted frame of
(
M 5, g ,ξ,η,ϕ
)
. The non-zero connection forms of ∇g with
respect to this frame are
ω
g
15 =−e1, ω
g
25 =−e2, ω
g
35 =−e3, ω
g
45 =−e4.
Therefore,
Γ=−e1⊗e15−e2⊗e25−e3⊗e35−e4⊗e45
is the intrinsic torsion of
(
M 5, g ,ξ,η,ϕ
)
.
Proposition 5.1. The almost contact metric manifold
(
M 5, g ,ξ,η,ϕ
)
has the follow-
ing properties:
a) The almost contact metric manifold is of class W1.
b) The Nijenhuis tensor N vanishes.
c) The fundamental formΦ and the 1-form η satisfy
dΦ= 2Φ∧η, δΦ= 0, dη= 0.
d) The Riemannian curvature tensor Rg is the identity map ofΛ2.
As a consequence of proposition 5.1,a) and theorem 4.1, there exists a unique met-
ric connection ∇c with vectorial torsion compatible with the almost contact metric
structure. The torsion tensor of ∇c is
T c =−e15⊗e1−e25⊗e2−e35⊗e3−e45⊗e4 ∈T1,1.
Proposition 5.2. The metric connection ∇c is flat. Moreover, its torsion tensor T c is
parallel with respect to ∇c , i.e.
∇c T c = 0.
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5.1.2. Class W2. There exists an almost contact metric structure
(
ξ,η,ϕ
)
on
(
M 5, g
)
such that (e1,e2,e3,e4,e5) defined by
e1 :=− ∂
∂x5
, e2 := e−x5 ∂
∂x2
, e3 := e−x5 ∂
∂x3
, e4 := e−x5 ∂
∂x4
, e5 := e−x5 ∂
∂x1
is an adapted frame of
(
M 5, g ,ξ,η,ϕ
)
. With respect to this frame, the non-zero con-
nection forms of the Levi-Civita connection are
ω
g
12 =−e2, ω
g
13 =−e3, ω
g
14 =−e4, ω
g
15 =−e5.
Therefore, the intrinsic torsion of
(
M 5, g ,ξ,η,ϕ
)
is
Γ=−1
2
e3⊗ (e13−e24)− 1
2
e4⊗ (e14+e23)−e5⊗e15.
Proposition 5.3. The almost contact metric manifold
(
M 5, g ,ξ,η,ϕ
)
is of class W2.
Moreover, the fundamental formΦ and the 1-form η satisfy
dΦ=−2(ξydη)∧Φ, δη= 0.
Theorems 4.1 and 4.3 now imply that there exist both a unique metric connection
∇c,1 with vectorial torsion and a unique metric connection ∇c,2 with traceless cyclic
torsion each compatible with the almost contact metric structure. Explicitly, the
torsion tensors of ∇c,1 and ∇c,2 are
T c,1 =−e12⊗e2−e13⊗e3−e14⊗e4−e15⊗e5 ∈T1,2,
T c,2 = 1
3
((5e12+4e34)⊗e2− (e13−2e24)⊗e3− (e14+2e23)⊗e4)−e15⊗e5 ∈T3,5.
Proposition 5.4. The metric connections ∇c,1 and ∇c,2 have the following properties:
a) ∇c,1 is flat.
b) The torsion tensor of ∇c,1 is parallel with respect to ∇c,1.
c) The curvature tensor with respect to ∇c,2 is
Rc,2 =4
3
e12⊗ (2e12+e34)+ 2
9
(3e13+4e24)⊗ (e13+e24)
− 8
9
e34⊗ (e12−e34)+ 2
9
(3e14−4e23)⊗ (e14−e23) .
d) The Ricci tensor with respect to ∇c,2 is
Ricc,2 = diag
(
−4,−40
9
,−22
9
,−22
9
,0
)
.
e) The holonomy algebra of ∇c,2 is
holc,2 = u (2) .
Consequently, T c,2 is not parallel with respect to ∇c,2.
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5.2. Examples of classW3 andW5. Let H be the 5-dimensional Heisenberg group,
H =


1 x1 x2 x5
0 1 0 x3
0 0 1 x4
0 0 0 1
 ∈GL(4,R) ∣∣x1, . . . , x5 ∈R
 ,
endowed with the left-invariant Riemannian metric
g = 1
4
(
d x21+d x22+d x23+d x24+ (d x5−x1d x3−x2d x4)2
)
.
The vector fields
2
∂
∂x1
, 2
∂
∂x2
, 2
(
∂
∂x3
+x1 ∂
∂x5
)
, 2
(
∂
∂x4
+x2 ∂
∂x5
)
, 2
∂
∂x5
are left-invariant and dual to
1
2
d x1,
1
2
d x2,
1
2
d x3,
1
2
d x4,
1
2
(d x5−x1d x3−x2d x4) .
There exist two almost contact metric structures on
(
H , g
)
. As before, we discuss
these structures separately.
5.2.1. ClassW3. Let
(
ξ,η,ϕ
)
be the standard Sasakian structure on
(
H , g
)
(cf. [6]), i.e.
ξ= 2 ∂
∂x5
, η= 1
2
(d x5−x1d x3−x2d x4) , Φ=−1
4
(d x1∧d x3+d x2∧d x4) .
Then, (e1,e2,e3,e4,e5) with
e1 := 2
(
∂
∂x3
+x1 ∂
∂x5
)
, e2 := 2 ∂
∂x1
,
e3 := 2
(
∂
∂x4
+x2 ∂
∂x5
)
, e4 := 2 ∂
∂x2
, e5 := 2 ∂
∂x5
is an adapted frame of
(
H , g ,ξ,η,ϕ
)
. With respect to this frame, the non-zero con-
nection forms of the Levi-Civita connection are
ω
g
12 =ω
g
34 = e5, ω
g
15 = e2, ω
g
25 =−e1, ω
g
35 = e4, ω
g
45 =−e3.
Consequently,
Γ=−e1⊗e25+e2⊗e15−e3⊗e45+e4⊗e35.
Proposition 5.5. The almost contact metric manifold
(
H , g ,ξ,η,ϕ
)
has the following
properties:
a) The almost contact metric manifold is of class W3.
b) The Nijenhuis tensor N vanishes.
c) The fundamental formΦ and the 1-form η satisfy
dΦ= 0, δΦ= 4η, dη= 2Φ, δη= 0.
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d) The Riemannian curvature tensor is
Rg =3(e12⊗e12+e34⊗e34)+2(e12⊗e34+e34⊗e12)
+e13⊗e24+e24⊗e13−e14⊗e23−e23⊗e14
−e15⊗e15−e25⊗e25−e35⊗e35−e45⊗e45.
e) The Riemannian Ricci tensor is
Ricg = diag(−2,−2,−2,−2,4) .
f) The Riemannian holonomy algebra is
holg = so (5) .
With the aid of theorem 4.2, we deduce that there exists a unique metric connec-
tion ∇c,1 with totally skew-symmetric torsion compatible with the underlying al-
most contact metric structure. Moreover, there exists a unique compatible connec-
tion∇c,2 with traceless cyclic torsion (see theorem 4.3). Explicitly, the corresponding
torsion tensors are
T c,1 = 2(e25⊗e1−e15⊗e2+e45⊗e3−e35⊗e4+ (e12+e34)⊗e5) ∈T2,1,
T c,2 =−e25⊗e1+e15⊗e2−e45⊗e3+e35⊗e4+2(e12+e34)⊗e5 ∈T3,1.
Proposition 5.6. The metric connections ∇c,1 and ∇c,2 have the following properties:
a) The curvature tensors with respect to ∇c,1 and ∇c,2 are
Rc,1 =4(e12+e34)⊗ (e12+e34) , Rc,2 =−2(e12+e34)⊗ (e12+e34) .
b) The Ricci tensors with respect to ∇c,1 and ∇c,2 are
Ricc,1 = diag(−4,−4,−4,−4,0) , Ricc,2 = diag(2,2,2,2,0) .
c) The holonomy algebrae of ∇c,1 and ∇c,2 are
holc,1 = holc,2 = u (1)⊂ u (2) .
d) The torsion tensors of ∇c,1 and ∇c,2 are parallel, i.e. ∇c,i T c,i = 0.
5.2.2. Class W5. Let
(
ξ,η,ϕ
)
be the almost contact metric structure on
(
H , g
)
such
that (e1,e2,e3,e4,e5) defined via
e1 := 2 ∂
∂x1
, e2 := 2 ∂
∂x2
,
e3 := 2
(
∂
∂x3
+x1 ∂
∂x5
)
, e4 := 2
(
∂
∂x4
+x2 ∂
∂x5
)
, e5 := 2 ∂
∂x5
is an adapted frame of
(
H , g ,ξ,η,ϕ
)
. By a comparison with the adapted frame dis-
cussed before, we have
ω
g
13 =ω
g
24 =−e5 ω
g
15 =−e3, ω
g
25 =−e4, ω
g
35 = e1, ω
g
45 = e2
and
ω
g
12 =ω
g
14 =ω
g
23 =ω
g
34 = 0.
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Therefore,
Γ= e1⊗e35+e2⊗e45−e3⊗e15−e4⊗e25.
Proposition 5.7. The almost contact metric manifold
(
H , g ,ξ,η,ϕ
)
is of class W5.
Moreover, the Nijenhuis tensor of
(
H , g ,ξ,η,ϕ
)
vanishes and
dΦ= 0, δΦ= 0, dη∧Φ= 0, δη= 0.
With respect to the given frame, the Riemannian curvature tensor is
Rg =3(e13⊗e13+e24⊗e24)+2(e13⊗e24+e24⊗e13)
+e12⊗e34+e34⊗e12+e14⊗e23+e23⊗e14
−e15⊗e15−e25⊗e25−e35⊗e35−e45⊗e45.
Using the same arguments as before, there exist two uniquely determined metric
connections ∇c,1, ∇c,2 compatible with the almost contact metric structure. The
respective torsion tensors are
T c,1 =−2(e35⊗e1+e45⊗e2−e15⊗e3−e25⊗e4+ (e13+e24)⊗e5) ∈T2,3,
T c,2 = e35⊗e1+e45⊗e2−e15⊗e3−e25⊗e4−2(e13+e24)⊗e5 ∈T3,3.
Again, we compute the corresponding curvature tensors:
Rc,1 =4(e13+e24)⊗ (e13+e24) , Rc,2 =−2(e13+e24)⊗ (e13+e24) .
Consequently, proposition 5.6,b)-d) is also valid for the connections ∇c,1 and ∇c,2
considered here.
5.3. Examples of class W6 and W9. The examples presented in this subsection are
products of certain almost Hermitian 4-manifolds with R. The general construction
scheme is as follows: Let
(
M 4, g˜ , J
)
be a 4-dimensional almost Hermitian manifold,
i.e.
(
M 4, g˜
)
is a 4-dimensional Riemannian manifold equipped with an orthogonal
almost complex structure J : T M 4 → T M 4,
J 2 =−Id, g˜ (J X , JY )= g˜ (X ,Y ).
Moreover, let t be the coordinate of R. Then, on M 4×R, we set
(]) ξ := ∂
∂t
, η := d t , ϕ
(
X + f ∂
∂t
)
:= J X
and
(]]) g
(
X1+ f1 ∂
∂t
, X2+ f2 ∂
∂t
)
:= g˜ (X1, X2)+ f1 f2
for X , X1, X2 tangent to M 4 and functions f , f1, f2 on M 4×R. As a result, the tuple(
M 4×R, g ,ξ,η,ϕ) is an almost contact metric 5-manifold (see [6]).
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5.3.1. Class W6. The following Riemannian 4-manifold appears in the classification
[17]. Let M 4 be the Lie group

ex4 0 0 x1
0 ex4 0 x2
0 0 e−2x4 x3
0 0 0 1
 ∈GL(4,R) ∣∣x1, . . . , x4 ∈R

equipped with the left-invariant Riemannian metric
g˜ = e−2x4 d x21+e−2x4 d x22+e4x4 d x23+d x24 .
An orthonormal frame on
(
M 4, g˜
)
is given by the left-invariant vector fields
e1 := ex4 ∂
∂x1
, e2 := ex4 ∂
∂x2
, e3 := e−2x4 ∂
∂x3
, e4 := ∂
∂x4
.
Using these, we define an orthogonal almost complex structure J on
(
M 4, g˜
)
as
Je1 =−e2, Je2 = e1, Je3 =−e4, Je4 = e3.
Now, let
(
M 4×R, g ,ξ,η,ϕ) be the almost contact metric manifold constructed via
(]) and (]]). The connection forms of the Levi-Civita connection ∇g with respect
to the adapted frame (e1, . . . ,e4,e5 := ξ) are
ω
g
12 =ω
g
13 = 0, ω
g
14 = e1, ω
g
23 = 0, ω
g
24 = e2, ω
g
34 =−2e3, ω
g
i 5 = 0.
Therefore, the intrinsic torsion of
(
M 4×R, g ,ξ,η,ϕ) is
Γ= 1
2
(e1⊗ (e14+e23)−e2⊗ (e13−e24)) .
Proposition 5.8. The almost contact metric manifold
(
M 4×R, g ,ξ,η,ϕ) has the fol-
lowing properties:
a) The almost contact metric manifold is of class W6.
b) The Nijenhuis tensor N vanishes.
c) The fundamental formΦ and the 1-form η satisfy
dΦ∧δΦ=−2Φ∧Φ, dη= 0, δη= 0.
d) The Riemannian curvature tensor is
Rg =e12⊗e12−2e13⊗e13+e14⊗e14
−2e23⊗e23+e24⊗e24+4e34⊗e34.
e) The Riemannian Ricci tensor is
Ricg = diag(0,0,0,−6,0) .
f) The Riemannian holonomy algebra is
holg = so (4)⊂ so (5) .
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Since
(
M 4×R, g ,ξ,η,ϕ) is of class W6, there exist both a unique metric connection
∇c,1 with totally skew-symmetric torsion and a unique metric connection ∇c,2 with
traceless cyclic torsion each compatible with the underlying almost contact metric
structure (cf. theorems 4.2 and 4.3). The corresponding torsion tensors are
T c,1 =−2(e23⊗e1−e13⊗e2+e12⊗e3) ∈T2,4,
T c,2 = 1
2
((e14+e23)⊗e1− (e13−e24)⊗e2)− (e12+e34)⊗e3 ∈T3,4.
Proposition 5.9. The metric connections ∇c,1 and ∇c,2 have the following properties:
a) The curvature tensors with respect to ∇c,1 and ∇c,2 are
Rc,1 =2 (e12+e34)⊗ (e12−e34)+ (e14+e23)⊗ (e14−e23)
− (e13−e24)⊗ (e13+e24)+6e34⊗e34,
Rc,2 =1
2
((e12−4e34)⊗ (e12−e34)+ (e14+2e23)⊗ (e14−e23)
− (2e13−e24)⊗ (e13+e24)) .
b) The Ricci tensors with respect to ∇c,1 and ∇c,2 are
Ricc,1 = diag(−2,−2,−2,−6,0) ,
Ricc,2 = diag(0,0,0,−3,0) .
c) The holonomy algebrae of ∇c,1 and ∇c,2 are
holc,1 = u (2) , holc,2 = su (2)⊂ u (2) .
Consequently, T c,i is not parallel with respect to ∇c,i .
5.3.2. Class W9. Let M 4 be the direct product of the Heisenberg group and S1,
M 4 =


e2piix1 0 0 0
0 1 x2 x4
0 0 1 x3
0 0 0 1
 ∈GL(4,C) ∣∣x1, . . . , x4 ∈R
 ,
endowed with the left-invariant Riemannian metric
g˜ = d x21+d x22+d x23+ (d x4−x2d x3)2 .
The left-invariant vector fields
e1 := ∂
∂x1
, e2 := ∂
∂x2
, e3 := ∂
∂x3
+x2 ∂
∂x4
, e4 := ∂
∂x4
are dual to
d x1, d x2, d x3, d x4−x2d x3
and form an orthonormal frame on
(
M 4, g˜
)
. According to [1],
(
M 4, g˜
)
carries an
orthogonal almost complex structure J : T M 4 → T M 4,
Je1 =−e2, Je2 = e1, Je3 =−e4, Je4 = e3,
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such that the Kähler form ω of
(
M 4, g˜ , J
)
,
ω (X ,Y ) := g˜ (X , JY ) ,
is closed, but
(
M 4, g˜ , J
)
is not Kähler, i.e.
∇g˜ω 6= 0.
We now consider the almost contact metric 5-manifold
(
M 4×R, g ,ξ,η,ϕ) defined
via (]) and (]]). To begin with, we compute the connection forms of the Levi-
Civita connection with respect to the adapted frame (e1, . . . ,e4,e5 := ξ):
ω
g
1i = 0, ω
g
23 =−
1
2
e4, ω
g
24 =−
1
2
e3, ω
g
34 =
1
2
e2, ω
g
i 5 = 0.
Consequently, the intrinsic torsion of
(
M 4×R, g ,ξ,η,ϕ) is
Γ= 1
4
(e3⊗ (e13−e24)−e4⊗ (e14+e23)) .
Proposition 5.10. The almost contact metric manifold
(
M 4×R, g ,ξ,η,ϕ) has the fol-
lowing properties:
a) The almost contact metric manifold is of class W9.
b) Both the fundamental formΦ and the 1-form η are closed and coclosed.
c) The Riemannian curvature tensor is
Rg =−1
4
(e24⊗e24+e34⊗e34−3e23⊗e23) .
d) The Riemannian Ricci tensor is
Ricg =−1
2
diag(0,1,1,−1,0) .
e) The Riemannian holonomy algebra is
holg = su (2)⊂ so (5) .
As a result of proposition 5.10,a) and theorem 4.3, there exists a unique metric con-
nection ∇c with traceless cyclic torsion compatible with the almost contact metric
structure. Its torsion tensor
T c = 1
4
((e13−e24)⊗e3− (e14+e23)⊗e4) ∈T3,7
is not parallel with respect to ∇c . Moreover, we compute
Proposition 5.11. The metric connection ∇c has the following properties:
a) The curvature tensor with respect to ∇c is
Rc =−1
8
(e24⊗ (e13+e24)−e34⊗ (e12−e34)+3e23⊗ (e14−e23)) .
b) The Ricci tensor with respect to ∇c is
Ricc =−1
4
diag(0,1,1,−1,0) .
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c) The holonomy algebra of ∇c is
holc = su (2)⊂ u (2) .
5.4. Examples of class W8 and W10. The following Riemannian 5-manifold is taken
from the classification [16] of generalized symmetric Riemannian spaces in low di-
mensions. Let G be the Lie group

1 0 0 0 x1
0 1 0 0 x2
x5 0 1 0 x3
0 −x5 0 1 x4
0 0 0 0 1
 ∈GL(5,R) ∣∣x1, . . . , x5 ∈R

equipped with the left-invariant Riemannian metric
g = 1
4
d x21+
1
4
d x22+ (d x3−x5d x1)2+ (d x4+x5d x2)2+d x25 .
The vector fields
2
(
∂
∂x1
+x5 ∂
∂x3
)
, 2
(
∂
∂x2
−x5 ∂
∂x4
)
,
∂
∂x3
,
∂
∂x4
,
∂
∂x5
are left-invariant and dual to
1
2
d x1,
1
2
d x2, d x3−x5d x1, d x4+x5d x2, d x5.
We discuss two almost contact metric structures on
(
G , g
)
in detail.
5.4.1. Class W8. There exists an almost contact metric structure
(
ξ,η,ϕ
)
on
(
G , g
)
such that (e1,e2,e3,e4,e5),
e1 := 2
(
∂
∂x1
+x5 ∂
∂x3
)
, e2 :=−2
(
∂
∂x2
−x5 ∂
∂x4
)
,
e3 := ∂
∂x3
, e4 := ∂
∂x4
, e5 := ∂
∂x5
,
is an adapted frame of
(
G , g ,ξ,η,ϕ
)
. The non-zero connection forms of the Levi-
Civita connection ∇g with respect to (e1,e2,e3,e4,e5) are
ω
g
13 =ω
g
24 = e5, ω
g
15 = e3, ω
g
25 = e4, ω
g
35 = e1, ω
g
45 = e2.
Hence,
Γ= e1⊗e35+e2⊗e45+e3⊗e15+e4⊗e25
is the intrinsic torsion of
(
G , g ,ξ,η,ϕ
)
. Moreover, we have
Proposition 5.12. The almost contact metric manifold
(
G , g ,ξ,η,ϕ
)
has the following
properties:
a) The almost contact metric manifold is of class W8.
b) The Nijenhuis tensor N vanishes.
c) The fundamental formΦ and the 1-form η satisfy
dΦ∧Φ= 0, δΦ= 0, dη= 0, δη= 0.
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d) The Riemannian curvature tensor is
Rg =e12⊗e34+e34⊗e12−e14⊗e23−e23⊗e14−e13⊗e13
−e24⊗e24+3e15⊗e15+3e25⊗e25−e35⊗e35−e45⊗e45.
e) The Riemannian Ricci tensor is
Ricg = diag(−2,−2,2,2,−4) .
f) The Riemannian holonomy algebra is
holg = so (5) .
Theorem 4.3 now implies that there exists a unique metric connection∇c with trace-
less cyclic torsion preserving the almost contact metric structure
(
ξ,η,ϕ
)
. Its torsion
tensor T c is given by
T c = e35⊗e1+e45⊗e2+e15⊗e3+e25⊗e4 ∈T3,6
Consequently, the non-zero connection forms of ∇c are
ωc13 =ωc24 = e5.
This proves
Proposition 5.13. The metric connection ∇c has the following properties:
a) The curvature tensor with respect to ∇c vanishes.
b) The torsion tensor of ∇c is parallel with respect to ∇c .
5.4.2. Class W10. Let
(
ξ,η,ϕ
)
be the almost contact metric structure on
(
G , g
)
such
that (e1,e2,e3,e4,e5) defined by
e1 := 2
(
∂
∂x1
+x5 ∂
∂x3
)
, e2 := ∂
∂x3
,
e3 :=−2
(
∂
∂x2
−x5 ∂
∂x4
)
, e4 := ∂
∂x4
, e5 := ∂
∂x5
is an adapted frame of
(
G , g ,ξ,η,ϕ
)
. With the results of section 5.4.1, we immediately
have
ω
g
12 =ω
g
34 = e5, ω
g
15 = e2, ω
g
25 = e1, ω
g
35 = e4, ω
g
45 = e3
and
ω
g
13 =ω
g
14 =ω
g
23 =ω
g
24 = 0.
Consequently,
Γ= e1⊗e25+e2⊗e15+e3⊗e45+e4⊗e35.
Proposition 5.14. The almost contact metric manifold
(
G , g ,ξ,η,ϕ
)
is of class W10.
Moreover, both the fundamental formΦ and the 1-form η are closed and coclosed.
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It is easy to verify that the Riemannian curvature tensor and the Riemannian Ricci
tensor now read as follows:
Rg =e13⊗e24+e24⊗e13+e14⊗e23+e23⊗e14−e12⊗e12
−e34⊗e34+3e15⊗e15−e25⊗e25+3e35⊗e35−e45⊗e45,
Ricg =diag(−2,2,−2,2,−4) .
By applying theorem 4.3, we deduce that
(
G , g ,ξ,η,ϕ
)
admits a unique compatible
connection ∇c with traceless cyclic torsion. The torsion tensor of ∇c is
T c = e25⊗e1+e15⊗e2+e45⊗e3+e35⊗e4 ∈T3,8.
Moreover, we compute the non-zero connection forms of ∇c :
ωc12 =ωc34 = e5.
Therefore, proposition 5.13 is also valid for the connection ∇c discussed here.
REFERENCES
[1] E. Abbena, An example of an almost Kähler manifold which is not Kählerian, Boll. Unione Mat.
Ital. Sez. A Mat. Soc. Cult. (6) 3 (1984), 383–392.
[2] I. Agricola, The Srní lectures on non-integrable geometries with torsion, Arch. Math. (Brno) 42
(2006), 5–84.
[3] R.L. Bishop and B. O’Neill, Manifolds of negative curvature, Trans. Amer. Math. Soc. 145 (1969),
1–49.
[4] D.E. Blair, The theory of quasi-Sasakian structures, J. Differential Geom. 1 (1967), 331–345.
[5] D.E. Blair, Almost contact manifolds with Killing structure tensors, Pacific J. Math. 39 (1971),
285–292.
[6] D.E. Blair, Contact manifolds in Riemannian geometry, Lecture Notes in Math., vol. 509,
Springer, 1976.
[7] E. Cartan, Sur les variétés à connexion affine et la théorie de la relativité généralisée (deuxième
partie), Ann. Sci. École Norm. Sup. (3) 42 (1925), 17–88.
[8] D. Chinea and C. Gonzalez, A classification of almost contact metric manifolds, Ann. Mat. Pura
Appl. (4) 156 (1990), 15–36.
[9] D. Chinea and J.C. Marrero, Classification of almost contact metric structures, Rev. Roumaine
Math. Pures Appl. 37 (1992), 199–212.
[10] A. Fino, Almost contact homogeneous structures, Boll. Unione Mat. Ital. Sez. A Mat. Soc. Cult. (7)
9 (1995), 299–311.
[11] T. Friedrich, On types of non-integrable geometries, Rend. Circ. Mat. Palermo (2) Suppl. 71 (2003),
99–113.
[12] T. Friedrich and S. Ivanov, Parallel spinors and connections with skew-symmetric torsion in string
theory, Asian J. Math. 6 (2002), 303–336.
[13] J.W. Gray, Some global properties of contact structures, Ann. of Math. (2) 69 (1959), 421–450.
[14] D. Janssens and L. Vanhecke, Almost contact structures and curvature tensors, Kodai Math. J. 4
(1981), 1–27.
[15] K. Kenmotsu, A class of almost contact Riemannian manifolds, Tohoku Math. J. 24 (1972), 93–
103.
[16] O. Kowalski, Generalized symmetric spaces, Lecture Notes in Math., vol. 805, Springer, 1980.
[17] O. Kowalski and F. Tricerri, Riemannian manifolds of dimension n ≤ 4 admitting a homogeneous
structure of class T2, Conferenze del Seminario di Matematica (Bari, 1987), Laterza, 1987, pp. 1–
24.
ALMOST CONTACT METRIC 5-MANIFOLDS AND CONNECTIONS WITH TORSION 29
[18] P. Libermann, Sur les automorphismes infinitésimaux des structures symplectiques et des struc-
tures de contact, Colloq. Géométrie Différentielle Globale (Bruxelles, 1958), Gauthier-Villars,
1959, pp. 37–59.
[19] J. Oubina, New classes of almost contact metric structures, Publ. Math. Debrecen 32 (1985), 187–
193.
[20] S. Salamon, Riemannian geometry and holonomy groups, Pitman Res. Notes Math. Ser., vol. 201,
Longman, 1989.
[21] S. Sasaki and Y. Hatakeyama, On differentiable manifolds with certain structures which are
closely related to almost contact structure, II, Tohoku Math. J. 13 (1961), 281–294.
[22] S. Sasaki and Y. Hatakeyama, On differentiable manifolds with contact metric structures, J. Math.
Soc. Japan 14 (1962), 249–271.
INSTITUT FÜR MATHEMATIK
HUMBOLDT-UNIVERSITÄT ZU BERLIN
UNTER DEN LINDEN 6
10099 BERLIN, GERMANY
E-mail address: puhle@math.hu-berlin.de
URL: www.math.hu-berlin.de/~puhle
